Bosonization approach to the classical supersymmetric systems is presented. By introducing the multifermionic parameters in the expansions of the superfields, the N = 1 supersymmetric KdV (sKdV) equations are transformed to a system of coupled bosonic equations. The method can be applied to any fermionic systems. By solving the coupled bosonic equations, some novel types of exact solutions can be explicitly obtained. Especially, the richness of the localized excitations of the supersymmetric integrable system are discovered. The rich multi-soliton solutions obtained here have not yet been obtained by using other methods. Unfortunately, the traditional known multi-soliton solutions can also not be obtained by the bosonization approach of this paper. Some open problems on the bosonization of the supersymmetric integrable models are proposed in the both classical and quantum levels.
A. Introduction
It is known that the supersymmetric integrable systems are very important in many physical fields especially in quantum field theory and cosmology such as superstring theory where it appears as a basic part of the string worldsheet physics or the theory of two-dimensional solvable lattice models, e.g., tricritical Ising models [1, 2] . Though the supersymmetric integrable systems have been studied by many authors in the both quantum and classical levels, various important problems are still open. For instance, in the usual quantum field theory, the bosonization approach is one of the powerful methods which simplifies the procedure to treat complex fermionic fields [3] .
However, in our knowledge, there is no method to find a proper bosonization procedure for both quantum and classical supersymmetric integrable models. To treat the integrable systems with fermions such as the super integrable systems [4] , supersymmetric integrable systems [5] and pure integrable fermionic systems [6] is much more complicated than to study the integrable pure bosonic systems. Therefore, it is significant if one can establish a proper bosonization procedure to treat the supersymmetric systems even if in the classical level.
In this paper, taking the N = 1 classical supersymmetric KdV (sKdV) system as a simple example we propose a simple bosonization approach to find exact solutions of supersymmetric systems. Actually, the method has been used by Andrea et al [7] to obtain new integrable bosonic systems. Here, we apply the method to find new exact solutions of supersymmetric integrable systems. One essential advantage of the method is that it can effectively avoid difficulties caused by intractable fermionic fields which are anticommuting. The N = 1 supersymmetric versions of the Korteweg-de Vries equation have been found more than 20 years ago [8] [9] [10] , which are the beginning of the field of supersymmetric integrable systems. The far-reaching significance lies not only in mathematics, but also in the applications in various areas of modern theoretical physics. Therefore, investigating their properties and searching for their exact solutions are of great importance and interest.
For the integrable sKdV system in the sense of possessing a Lax pair, many remarkable properties have been discovered, such as the Painlevé property [11] , the bi-Hamiltonian structures [12, 13] , the Darboux transformation [14] , the bilinear forms [15, 16] , the Bäcklund transformation (BT) [18] , the Lax representation [19] and the nonlocal conservation laws [20] . Some types of multisoliton solutions are also known for the integrable sKdV system [15] [16] [17] [18] [19] . However, because anticommutative fermionic fields bring some difficulties in dealing with supersymmetric equations, to get exact solutions of the supersymmetric systems is, especially, much more difficult than the usual pure bosonic systems.
The N = 1 supersymmetric version of the KdV equation,
is established by extending the classical spacetime (x, t) to a super-spacetime (θ, x, t), where θ is a Grassmann variable, and the field u to a fermionic superfield
which leads to a nontrivial result [9] 
where D = ∂ θ + θ∂ x is the covariant derivative. The component version of Eq. (3) reads
where u and ξ are bosonic and fermionic component fields, respectively. Vanishing ξ in Eq. (4), only the usual classical KdV equation remains.
Previous studies of the sKdV system were all directly based on Eq. (3) or (4) . In this paper, we are only concentrated on bosonization of the sKdV equations by expanding the supperfields with respect to the multi-fermionic parameters. In the next section, we present the bosonization approach of the sKdV system, in which the superfields are expanded about two fermionic parameters. And then the general traveling (in the usual space-time) periodic wave solutions, including the solitary waves as special cases, of the model are found. some special types of nontraveling (in the usual space-time) wave solutions (including all possible exact solutions of the usual KdV equation) are also obtained. In sections C and D, we extend the bosonization approach of the sKdV system to the case of three fermionic parameters and n fermionic parameters respectively.
The last section is a short summary and discussion.
B. Two-fermionic-parameter bosonization
Firstly, we expand the component fields ξ and u in the form of
where ζ 1 and ζ 2 are two Grassmann parameters, while the coefficients p ≡ p(x, t), q ≡ q(x, t), u 0 ≡ u 0 (x, t) and u 1 ≡ u 1 (x, t) are four usual real or complex functions with respect to the spacetime variables x and t, then the sKdV system (4a)-(4b) is changed to
that is just the bosonic-looking of the sKdV system (4) in two fermionic parameter case. Eq. (6a) is exactly the usual KdV equation which has been widely studied. Eqs. (6b) and (6c) are linear homogeneous in p and q respectively, and Eq. (6d) is linear nonhomogeneous in u 1 . Thereby, in principle, these equations can be easily solved. This is just one of the advantages of the bosonization approach. Now let us consider the traveling wave solutions of the bosonic-looking equations (6) . Introducing the traveling wave variable X = kx+ωt+c 0 with constants k, ω and c 0 , the system (6a)-(6d) are transformed to the ordinary differential equations (ODEs)
Remark. The traveling waves in the superspace, Φ(x, t, θ) = Φ(kx +ωt +c 0 +ζθ), with Grassmann constant ζ are different from those of in the usual space-time {x, t}. Hereafter, the traveling waves we discuss are only in the usual space-time {x, t} but not in the superspace {x, t, θ}. We first solve out u 0X from Eq. (7a). The result reads
where c 1 and c 2 are two integral constants and a 0 = ±1. The only linear inhomogeneous ODE (7d)
can be directly integrated once, and becomes
where the inhomogeneous term is
with an integral constant b 0 .
To get the mapping relations of p, q and u 1 , we introduce the variable transformations as follows
Using the transformation (11) and eliminating u 0X via Eq. (8), the linear ODEs (7b)-(7c) as well as (9) are changed to
where
On this basis, the mapping and deformation relations are constructed as
where A 1 , A 2 , A 3 , A 4 , A 5 and A 6 are arbitrary constants, and
Following the relation (14) , the solution for U 1 can be obtained from Eq. (12c) as
where A 7 and A 8 are two integral constants. Thus, we have obtained the general two-fermionicparameter traveling wave solutions of the sKdV system
with the known solution u 0 of the usual KdV equation.
For a special case, A 2 = A 5 = A 7 = b 0 = 0, the above traveling wave solution becomes
and
where the second equal sign of the above equation is dues to the relation (8) . It is interesting that the expression U 1 (18) is an ordinary type of the symmetries of the traveling wave equation (7a).
In fact, for any given u 0 (x, t) being a solution of the usual KdV equation, a certain type of solutions of the bosonic-looking equation (6) can be constructed as follows
where σ(u 0 ) represents any symmetry of the usual KdV equation (6a).
Under the circumstances of describing p and q as the form of many symmetries, and thus infinitely many u 1 can be generated. All in all, we can construct not only traveling wave solutions but also many other new types of solutions of the sKdV system by using the solutions and infinitely many symmetries of the KdV equation.
It is known that the solution (8) can be expressed by means of the Jacobi elliptic functions, say,
where the constants c 1 and c 2 are related to the other constants through
Therefore, we obtain a special type of exact solutions of the sKdV system
where is the ratio of the complete elliptic integral of the second kind to the first kind, and
It is worth to mention that the solution (21a) is neither a traveling nor a periodic wave solution for
It is noted that for the solution (21), the soliton limit,
with the usually arbitrary constants {k, a 1 , a 2 , x 0 , n 1 , n 2 , n 3 }, and arbitrary Grassmann odd
The solution (5) with (19) 
with arbitrary constants {k i , η 0i , i = 1, 2, ..., N} and
Correspondingly, a special type of multiple soliton solutions of the sKdV (4) can be simply written
with further arbitrary constants B i and M i for i = 1, 2, ..., N.
C. Three-fermionic-parameter bosonization
In the case of three Grassmann parameters ζ 1 , ζ 2 and ζ 3 , the component fields ξ and u are expanded as
where the coefficients p i ≡ p i (x, t) (i = 1, 2, 3, 4) and u j ≡ u j (x, t) ( j = 0, 1, 2, 3) are eight real or complex bosonic functions of the indicated variables. Then the sKdV system (4a)-(4b) is changed to
Just similar to the previous case, the system (26a)-(26h) also has no fermionic quantities. Besides, Eq. (26a) is exactly the KdV equation. The rest seven equations are linear in p i (i = 1, 2, 3, 4), and u l (l = 1, 2, 3), respectively. It is observed that the number of the inhomogeneous equations increases, so that this bosonic-looking of the sKdV system is somewhat complex.
Introducing the traveling wave variable X = kx + ωt + c 0 , where k, ω and c 0 are arbitrary constants, the bosonization system (26) becomes
It is quite obvious that Eq. (27a) is the same as (7a), while Eqs. (27b)-(27d) have an analogy with (7b)- (7c) and (27e)- (27g) with (7d). Coefficients of the left-hand side of the last equation (27h) is consistent with Eqs. (27b)-(27d), but its right-hand side is related to p l and u l (l = 1, 2, 3), not always zero.
To solve the ODE system (27a)-(27h), following the approach adopted in the previous section, we first solve p l and u l . Integrating the inhomogeneous ODEs (27e)-(27h) once, we have
with constants b 1 , b 2 , b 3 and b 4 .
Considering the variable transformations
and using (8) to eliminate u 0X , we can transform the linear ODEs (27b)-(27d) and (28) to
By repeating the processes in the last section, the general three-fermionic-parameter traveling wave solutions for the sKdV system can be derived
where {g l , h l , r l , r 4 , s l , s 4 , α l , α 4 } are arbitrary constants and ζ 4 = ζ 1 .
Similar to the two fermionic parameter case, for nontraveling wave solutions of Eq. (26), we just write down a special case with
where (4) possesses the following special solution
with an arbitrary solution u 0 , two arbitrary symmetries σ 1 (u 0 ) and σ 2 (u 0 ) of the usual KdV equation, three Grassmann numbers ζ i (i = 1, 2, 3) and four arbitrary usual real constants 1, 2, 3, 4) . When one of the ζ i tends to zero, the solution (35) turns back to that of the last section for two fermionic parameters.
Actually, applying the similar procedure for any numbers of the fermionic parameters, one can obtain various exact solutions such as the general traveling wave solution and the special solutions like Eq. (35).
D. N-fermionic-parameter bosonization
For the supersymmetric system introduced N ≥ 2 fermionic parameters ζ i (i = 1, 2, · · · , N), the component fields u and ξ can be expanded as
where the coefficients (4), we obtain the following bosonic system of 2 N equations
and two operators read
Similarly to the section, the general traveling wave solution of the sKdV equation (3) with N fermionic parameters can be written as
with
where u 0 represents the solution of KdV equation (37a),
are arbitrary constants.
E. Conclusions
In summary, a simple bosonization approach to deal with suppersymmetric system is devel- From the procedure exhibited in this paper, we can conclude that the bosonization approach can be applicable to not only the supersymmetric integrable systems but also all the models with fermion fields no matter they are integrable or not.
It should be emphasized that the solutions obtained via the bosonization procedure are completely different from those obtained via other methods such as the bilinear approach [21] . Especially, the traditional multisoliton solutions of the sKdV are different from ours, say, Eq. (24). 
